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A subsoniec turbulent boundary layer with mass addition and combustion is studied to in-

vestigate the effects of combustion on the velocity profiles in constant pressure and accelerat-
ing flows. Particular attention is given to determining 1) the extent to which combustion
alters the flow and 2) the mechanisms whereby combustion interacts with the flowfield. The
experimental results obtained in this study demonstrate that combustion significantly alters
the velocity profiles in both constant pressure and accelerating flows. The wall velocity
gradients in the combusting flows differ markedly from those of noncombusting flows and
show a definite dependence on the pressure gradient. Additionally, the velocity in the flame
region of an accelerating flow actually exceeds the freestream value. Analytical results indi-
cate that the experimentally observed changes in the velocity profiles are attributable to the
temperature dependence of the local mean density and molecular viscosity. A method of
calculating the velocity in a combusting turbulent boundary layer is also presented. Cal-
culated and experimental velocity profiles are compared.
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p = pressure
u,v = flow velocities
2,y = physical eoordinates

8 = boundary-layer thickness

dr = flame zone position

e = eddy viscosity

& = transformed coordinates
6 = momentum thickness

» = molecular viscosity

v = kinematic viscosity

p = density

v = shear stress

Introduction

OMBUSTING boundary layers are encountered in a num-
ber of flow environments of current interest and the need

to understand heat, mass, and momentum transfer processes
in these environments has stimulated a number of theoretical
and experimental studies of this phenomenon. However, re-
view of the literature! has indicated that the bulk of these
studies have considered laminar boundary layers and only
relatively few have investigated turbulent boundary layers.
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Additionally, the few investigations which have treated the
turbulent cases have limited themselves to constant pressure
flows and have not included the effects of pressure gradient
interactions in their analysis or experiments.?? Study of
turbulent boundary layers, including consideration of the
effects of pressure gradients is, however, particularly impor-
tant as most combusting boundary layers will be turbulent
and subject to a nonzero pressure gradient. It is, therefore,
the purpose of this paper to study the interaction between the
combustion process and the velocity field in both constant
pressure and accelerating flows and to investigate the mecha-
nism whereby this interaction takes place. Both experimen-
tal and analytical results are presented.

The experimental environment studied was a turbulent
boundary layer along porous plates set in the wall of a sub-
sonic wind tunnel. A mixture of nitrogen and hydrogen was
injected through the porous plates into the boundary layer.
The turbulence in the boundary layer then mixed the nitro-
gen-hydrogen injectant with air entrained from the free-
stream. The result of this mixing was a thin combustible
zone within the boundary layer which was ignited by external
means. Once initiated, the combustion process was self-
sustaining.

The analytical portion of this study centered on an investi-
gation of the manner in which combustion interacts with the
flowfield. Caleulated velocity profiles were obtained through
the numerical solution of & transformed differential momen-
tum equation. These velocity profiles were then compared
with the experimental velocity profiles. The calculated and
experimental velocity profiles agreed in their indication of the
effects of combustion on the flowfleld. This analysis was
carried out on a Univac 1108 computer using a number of
standard numerical routines.

Experimental Study

Experimental Facility and Test Procedures

The wind tunnel used in this study was a low-turbulence,
open-loop tunnel similar in design to that of Wooldridge and
Muzzy.? The tunnel had a controlled flow velocity range of
from 5 to 150 fps. The test section was 8 ft in length with a
7- X 7-in. cross section. A schematic drawing of the test sec-
tion is shown in Fig. 1a. Along a portion of the test section,
two porous inconel plates, each 6.5 X 12.5 X 0.5 in. were set,
in the top wall. The nitrogen-hydrogen mixture was in-
jected through these plates into the boundary layer. The
hydrogen and nitrogen flow were metered and controlled
separately and by this means, the composition and total flow
rate was controlled. The injectant gases were mixed in a
plenum chamber prior to entering the injection hoods. The
bottom wall of the test section was mounted on a series of
screw jacks that were adjusted to establish the desired axial
pressure gradient.

Total pressure, static pressure, and temperature variations
through the boundary layer were measured at several axial
stations along the porous plates. The majority of these data
were taken with a multihead probe. This probe consisted of
four separated probes mounted so that the sensing elements
lay in the same horizontal and vertical plane but were spaced
laterally to avoid mutual interference (Fig. 1b). The fourth
probe in this configuration was used to draw samples of the
combustion mixture for the determination of concentration
profiles. However; due to difficulties with the mass spectro-
graphic equipment available to analyze gas samples at the time
of these experiments, such data were not obtained. The ex-
perimental concentration profiles obtained by Wooldridge and
Muzzy? and Smith* in similar experiments were used to cor-
rect the present data for the effects of variable molecular
weight. These corrections were small, however, with the
maximum velocity correction being only approximately 10%.
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Fig. 1b Multihead probe.

The multihead probe configuration was chosen fo minimize
the size of the individual probes but yet provide simultaneous
measurements. Wooldridge and Muzzy? reported sueccessful
use of a similar probe design. Measurements with conven-
ventional pressure and temperature probes were also made to
check the results obtained with the multihead probe.!

Measurements of the dynamic pressure and temperature
were made at from 30 to 40 points in the boundary layer at
each axial station. Similar measurements were made to de-
termine if there was a variation in the static pressure through
the boundary layer. Results obtained with a micromanome-
ter indicated only a negligible (&=0.004 in H,0) variation in
the normal static pressure. The axial static pressure gradient
was measured using a series of wall static pressure taps and a
differential manometer. The freestream dynamic pressure
was monitored continously during each test run.

For the experiments being presented here, measurements
were made at four positions along the porous plates at a mass
injection rate of F = 3.1-107%.  The injectant was a mixture
of nitrogen with 3.8% by mass hydrogen. The freestream
velocity of the constant pressure test was 33.6 fps while the
velocity in the accelerating flow varied from approximately 32
to 36 fps over the length of the porous plates.

Boundary-Layer Profiles

Profiles of velocity, density and temperature and the bound-
ary-layer dimensions have been determined from the measured
temperature and dynamic pressure profiles. These profiles
of mean properties, along with the measured axial static pres-
sure gradient, provide an effective means of observing the
influence of combustion on a turbulent boundary layer.

Constant pressure flow

The measured velocity profiles at two axial stations in a
constant pressure flow are shown in Fig. 2. It is immedi-
ately apparent from these curves that the combusting layer
veloeity profiles differ considerably from those in an isother-
mal layer. The most striking evidence of this is the inflec-
tion in the profiles in the vicinity of the flame zone. It should
be noted that this inflection becomes stronger as the burning
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boundary layer develops. Examination of the profiles at all
four stations! indicates that although the boundary layer is
perturbed by the initiation of mass addition and combustion
the flow appears to approach an “equilibrium” condition at
the x = 39.2-in. station. Conditions, including wall tem-
perature, were uniform over the second injection plate and the
last velocity profile is considered representative of equilib-
rium flow profiles.

The actual extent of the difference between the velocity
profile in a combusting layer and that of an isothermal layer
is illustrated by Fig. 3. It may be observed from these data
that the two profiles differ markedly in the wall region. This
difference in wall velocity gradient indicates a potentially
large difference in skin friction between the two flows.

Representative temperature profiles for the constant pres-
sure flow are presented in Fig. 4. These profiles are sharply
peaked, indicating a relatively narrow flame zone, with tem-
peratures dropping off rapidly on either side of the maximum.
When plotted against a normalized distance y/6r the tem-
perature profiles tend to collapse toward a single curve.
This trend is illustrated in Fig. 5 where the temperature pro-
files are plotted in this fashion. 'The parameter 6y is the dis-
tance from the wall to the maximum temperature point. The
position of the flame zone is a function of both the boundary-
layer thickness and the fuel species (hydrogen) concentration
at the wall. The velocity profiles, normalized in this manner,
also tend toward a single curve.!

Accelerating flow

When the boundary layer is subjected to a favorable axial
pressure gradient, the difference between the combusting and
noncombusting velocity profiles is even more pronounced.
Figure 6 shows velocity profiles at two stations it a combust-
ing turbulent boundary layer with a small favorable pressure
gradient, dp/de = —0.16 psf/ft. Here it is observed that
the velocity in the vicinity of the flame zone actually exceeds
the freestream value. This velocity overshoot is caused by
the interaction of the axial pressure gradient and the density
gradient with the velocity field.

The flame zone position 87 is again an effective normaliza-
tion parameter in the accelerating flow. This is demonstrated
for the temperature data in Fig. 7. The temperature profiles
for this case are quite similar to those for the constant pres-
sure flow. . The velocity overshoot shown by the data of Fig.
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6 indicates a slight increase with increasing axial distance.
However, flow analysis indicates that this is to be expected
with a constant pressure gradient.

Figure 8 shows a comparison of the velocity profiles in a
turbulent boundary layer with mass addition and a small
favorable pressure gradient with and without combustion.
This figure illustrates the strong influence that the combina-
tion of combustion and a pressure gradient has on the velocity
profile. It is again noted that velocity gradient at the wall
is less in the combusting flow than in the noncombusting flow.
It is also of interest to compare the velocity profiles for com-
busting flow with and without a small favorable pressure
gradient. This is done in Fig. 9. These data indicate that
for the small pressure gradient of the present experiment the
main difference in the profiles is the velocity overshoot which
oceurs in the accelerating flow. However, for more strongly
accelerating flows both the velocity overshoot and the wall
velocity gradient will increase. The velocity overshoot phe-
nomenon observed in these experiments has not been previ-
ously measured or predicted analytically for a turbulent
boundary layer. Chen and Toong, however, did analytically
predict that such a velocity overshoot would occur in an ac-
celerating laminar boundary layer with mass addition and
combustion.

These experimental data demonstrate that a strong com-
bustion-velocity field interaction exists. The most significant
effects of this interaction being its influence on the velocity
gradient at the wall and the veloecity overshoot which occurs
in the flow with a favorable pressure gradient.

Analysis

Several authors®—® have pointed out that the development
of a general theory for the variable density turbulent bound-
ary layer will be impossible until a great deal more has been
learned about the nature of turbulent transport mechanisms.
Consequently, most analytical studies of these flows concern
themselves with semiempirical parametric correlations or with
the development of approximate mathematical models. The
mathematical model approach is used in the present study.
Consideration of complete solution of the equations of motion
for noncombusting flows—% indicate that such solutions for
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the flow under study here would require a very extensive com-
putational effort. However, it is possible to make consider-
able progress toward understanding the experimentally ob-
served interaction between combustion and the velocity field
by means of a more limited analysis.

The following analysis presents an approximate method for
numerical solution of the momentum equation through the
use of experimental temperature and density profiles and a
modified eddy viscosity distribution. The resulting velocity
profiles are then compared with the experimentally observed
velocity profiles to gain an understanding of the interaction
between the combustion-induced density and temperature
gradients and the velocity field. Further, these comparisons
indicate the extent of combustion-induced changes in the
velocity field and suggest the mechanism whereby the inter-
action oceurs.

Governing Equations

The derivation of the equations of motion which describe a
compressible turbulent boundary layer may be found in a
number of sources.®®1% TFor a two-dimensional flow, the
axial momentum equation may be written

“{pXw)olu)/ox + ({p)v) + (p'v"))0lu)/dy =
—d{p)dx + (2/0y) ({rzy) — {pXu'v")) (1)

where the angular brackets refer to mean motion and the
prime to turbulent fluctuation. As there is no exact theoreti-
cal means of describing the turbulent stress term, (uv),
which appears in this equation, an approximate or empirical
means of handling it must be found.

Turbulent transport properties

Two alternative approaches have been applied to obtaining
turbulent transport properties in boundary layer flows. One
method, developed by Bradshaw and Ferris,!* transforms the
differential equation describing turbulent kinetic energy into
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Fig. 7 Accelerating flow temperature profiles.

Fig. 8 Comparison of velocity profiles with and without
combustion.

an equation for turbulent shear stress. This equation then
provides the additional input necessary to solve the conserva-
tion equations. The second approach used by Cebeci and
Smith?® and Mellor and Herring,® and which will be followed
here, describes the turbulent transport properties in terms of
mean flow quantities through a turbulent eddy viscosity de-
fined by the Boussinesq equation

(p)ed(u)/dy = —{(p)(u'v') @
It is assumed that the eddy viscosity follows the relationship
€= 12Qu/dy 3)

in the inner region of the boundary layer and
€ = kaubp*y 4)

in the outer region. In these expressions ! is the mixing length
and v is Klebanoff’s'® intermittency factor.

The constants &, and k, are taken to be 0.40 and 0.0168, re-
spectively, and [, §,* and v are defined as

L= hyll — esp(—y/4)), &% = [7 (1 — @w/u)dy
v = [+ 550/0)1

The inner and outer regions of the boundary layer are delin-
eated by the point at which ¢; = €.

The axial momentum equation expressed in terms of this
eddy viscosity is

(PXupw)/0x + ({p)(v) + (p'v")O(u)/dy =
—0o(p)/dx + (3/0y) ) + (p)eld(w)/oy  (5)

The mass, energy, and species equations may be handled in a
similar manner. The solution of these equations is facilitated
by re-expressing them in a nondimensional form.
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Fig. 9 Comparison of combusting flow velocity profiles
with and without a pressure gradient.



1766 ‘ JONES, ISAACSON, AND VREEKE

WW

X in.
O 39.2

B 30.5

0 4 8 12 16 20 24

Fig. 10 Transformed velocity profile—constant pressure
flow.

Transform Equations

Following the work of Cebeci et al.?:'* transformations ol
the Doronitsyn type are utilized. The transformed coordi-
nates are

2 = ‘l:)x peueﬂedxy n = (;g;:lz ‘l‘oy <p£=) dy (6)

Employing these transformations and defining a nondimen-
sional stream function f(£,7) such that

F'&m = u/u.

the conservation equations becomes

Momentum
{(ou/peita) [1 4 €/v1f"}" + ff" + Blp/p — [f'1) =
2£(f1of /08 — Jrof/ob) (1)

where the primes now indicate differentiation with respect to
n and S is defined as

B = (2&/u)du./dE

Numerical Analysis

Laufer® has observed from the experimental work of Kist-
ler'? that for flows with an edge Mach number less than 5, the
momentum equation is coupled to the energy equation only
through the spatial variation of the mean density and vis-
cosity. He further states that this “implies that the density
variation has a kinematic or volumetric rather than dynamic
effect on the velocity field in a compressible turbulent me-
dium.” The magnitude of density and temperature vari-
ations observed in the present flow are comparable to those
of the experimental work!? cited by Laufer.® Therefore, it
will be assumed that in the present case, the momentum equa-
tion is coupled to the energy and species equations only
through the mean density and viscosity. Mean density and
viscosity are in turn primarily dependent upon the local tem-
perature. The similarity of the experimental temperature
profiles from one axial position to another, as demonstrated
by Figs. 5 and 7, and the consistency of the present tempera-
ture data with that of a previous investigation? suggests that
it would be reasonable to uncouple the momentum equation
from the energy equation by determining the density and vis-
cosity from normalized experimental temperature profies. In
this way the momentum equation may be solved for the velo-
city profiles without requiring the simultaneous solution of
the energy and species equations. This simplifies numerical
procedures and significantly reduces-computation time.

A second simplification which will be made is associated
with transformations carried out in the previous section. The

§ The angular brackets and prime notation will be dropped at
this point as the equations are now expressed in terms of mean
quantities only.
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essential purpose of the transformation process is to minimize
the axial variation of the transformed boundary-layer thick-
ness and mean property profiles. In the limit these transfor-
mations lead to “similar” profiles with no axial variation and
the transformed equations reduce to ordinary rather than par-
tial differential equations. Although the transformations
utilized here do not lead to similar profiles in turbulent flow,
they do significantly reduce the axial variations in the velocity
profiles. This is demonstrated by the data of Fig. 10 where
the velocity ratio is plotted against the transformed normal
coordinate. On the basis of this observation and the ap-
proximate nature of the present analysis, the nonsimilar terms
i Eq. (7) were neglected. The momentum equation then
becomes a total differential equation of the form

&) + Jf" + Bleo/p — (f)*1 = 0 ®

where
¢ = (pu/pu.)(l + €/v)

The parameter 3 is a constant for a given axial station while
¢ is a function of the normal coordinate ¢(n). Equation (8)
may be conveniently solved by numerical means once the vari-
ation of ¢ with n has been specified.

Results

The momentum equation, in the form of Eq. (8), has been
solved numerically on a Univac 1108 digital computer using
a boundary value program developed by Vreeke.'> Prior to
using this program to caleulate the velocity profiles in com-
busting flow, its operation was checked by calculating velocity
profiles for a number of flows for which other analytical or ex-
perimental results were available. The laminar flow Falkner-
Skan equation was solved and results compared with those of
Hartree.”® Agreement was excellent. Calculations were also
made for the laminar flow variable density case [Eq. (8) with
¢ = 1 and p = p(n)] and results compared with those of Chen
and Toong,' again with good agreement. As a final check,
Eq. (8) was used to calculate the veloeity profile in an iso-
thermal turbulent boundary layer along a flat plate. For this
calculation an experimental eddy viscosity distribution de-
rived from the experimental results of Klebanoff'? and Schu-
bauer'” was used to define ¢. The resulting velocity profile is
compared with Klebanoff’s experimental results and with the
data of AlSaji'® in Fig. 11. This comparison indicates the
extent of validity of the calculation procedures and similarity
assumption. The experimental results of AlSaji were ob-
tained in the same test facility being used in the present ex-
periment. It should be noted that this method of determin-
ing velocity profiles is qualitative and although it yields nor-
malized velocity profiles that agree well with normalized ex-
perimental profiles, it is not structured to predict quantitative
values such as boundary-layer thickness. The comparison of
normalized profiles does, however, provide an appreciable
amount of insight into the combustion-velocity field inter-
action under study.

3)
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Constant pressure flow with combustion

In calculating velocity profiles for the combusting turbulent
flow ecases values of p and u were determined from experi-
mental data so that the momentum equation might be solved
independently. This was accomplished in a straightforward
manner and the resulting density and viscosity profiles put
into the computer program in tabular form. However, diffi-
culty was encountered in determining values for the eddy vis-
cosity. Recalling the results presented in the previous sec-
tion which indicated that combustion should affect the eddy
viscosity in a “kinematic”’ sense, it was concluded that experi-
mental eddy viscosity values applicable to isothermal flow
might be adjusted to account for the effects of mass injection
and combustion and used in the present caleulations. For
the outer region the eddy viscosity was tabulated as ¢ =
€(n/7.) and then it was assumed that

[E/ueak* ]comb = [e/ueék*]exp (9)
or
€comb — [ueak*]comb . [E//ueak*]exp

at corresponding values of 7/9.. Inthe inner region eddy vis-
cosity expression, Eq. (3), the parameter A, and thus the
mixing length 7, is very difficult to define for the present en-
vironment. Because of this difficulty another means of de-
fining the eddy viscosity in this region was sought. Smith,*
in his study of mass injection in turbulent boundary layers,
developed a numerical method for determining the eddy vis-
vosity in the inner region from experimental velocity, tem-
perature, and concentration measurements. This method
was applied to the experimental data of Figs. 2 and 4 to ob-
tain values of e for the inner region. Smith’s method is only
applicable in the inner region as it depends on the numerical
differentiation of experimental data and looses accuracy when
successive differences become small. Additionally it was
noted that the application of the scaling factor indicated by
Eq. (9) to the experimental values from isothermal flow in the
inner region resulted in values for e very nearly equal those
obtained from Smith’s method. With these values of e and
the experimentally determined values of p and u the viscosity
parameter ¢ was calculated. The distribution of these values
of ¢ is compared with the isothermal ¢ distribution derived
from the data of Kiebanoff and Schubauer in Fig. 12. The
values ¢ obtained by this method agree with those from Eq.
(4) throughout the outer region.

The ¢ values shown in Fig. 12 have been used in conjunc-
tion with Eq. (8) to predict the velocity profile in a constant
pressure combusting turbulent boundary layer. The results
of this calculation are compared with experimental data in
Fig. 13. The agreement between calculated and experimen-
tal values is good with the predicted velocity profile showing

--— Combustion
Isothermal

o Smith’s method

ne

Fig. 12 Viscosity parameter.
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Fig. 13 Velocity profile in a constant pressure flow with
combustion.

both the lower velocity gradient at the wall and the inflection
point in the flame region. Based on the assumptions made in
these calculations, the results clearly indicate that the pre-
dominant factor influencing the combusting flow velocity
profile is the temperature dependence of ¢.

Accelerating flow

The same calculation procedure has been applied in an at-
tempt to obtain an understanding of the general character-
istics of an accelerating flow with combustion. In such flows
the momentum equation is coupled to the temperature de-
pendent density gradient through the term [p./p + (f')?] as
well d4s through ¢. In calculating velocity profiles from Eq.
(8) for accelerating flows the ¢ distribution of Fig. 12 was
again used. As it is known that the inner region eddy vis-
cosity is influenced somewhat by the presence of a pressure
gradient, this choice is not entirely satisfactory. However, as
the temperature dependence of ¢ is the predominant factor,
the calculated velocity profiles should be representative.

Velocity profiles for 8 = 0.15, 0.30, 0.60, and 1.0 have been
calculated from Eq. (8) and are shown in Fig. 14. The ex-
perimental data for 8 = 0.16 is also shown in this figure. Al-
though these experimental data and the caleulated profile do
not agree well in a quantitative sense there is definite qualita-
tive agreement with both experimental and calculated values
showing the velocity overshoot.

Assuming that the calculated velocity profiles of Fig. 14 are
representative of those in a combusting turbulent boundary
layer subjected to a favorable pressure gradient, a number of
interesting observations may be made. First, the extent of
the velocity overshoot is a function of the strength of the pres-
sure gradient. Secondly, as a consequence of the velocity
overshoot, the velocity gradient in the wall region varies

O Experiment 8=.16

—— Equation (8)

1

8 12 16 20 24

n
Fig. 14 Velocity profiles in an accelerating flow with com-
bustion.
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markedly. For small values of 8 the wall velocity gradient
is less than that for the corresponding isothermal flow while at
larger B the combustion flow wall gradient is greater than that
in noncombusting flow. These results indicate that the pres-
sure gradient has a significant influence on skin friction.

Conclusions

This investigation was undertaken to study the nature and
extent of the interaction between combustion-induced tem-
perature and density gradients and the velocity field in con-
stant pressure and accelerating boundary-layer flows. The
results of both experimental and analytical studies have indi-
cated the following.

1) The temperature and density gradients interact with
the velocity field in such a way as to significantly alter the
velocity profiles from those observed in isothermal flow. ' In
constant pressure flow it has been determined that the velocity
gradient at the wall is markedly reduced by combustion. In
accelerating flow it has been determined that a velocity over-
shoots oceurs within the boundary layer and that as a con-
sequence of this overshoot the wall velocity gradient is
strongly dependent on the pressure gradient.

2) The observed combustion-induced changes in the veloc-
ity field are attributable, in the main, to the temperature de-
pendence of mean properties. Additionally, the agreement
between the analytical and experimental results validates the
assumption that the eddy viscosity is kinematic in nature.
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